ON THE YAMABE CONSTANTS OF x AND x 



JIMMY PETEAN AND JUAN MIGUEL RUIZ 



Abstract. We compare the isoperimetric profiles of x M-^ and of S'^ x with 
that of a round 5-sphere (of appropriate radius). Then we use this comparison to 
obtain lower bounds for the Yamabe constants of x and x K^. Explicitly 
we show that Y{S^ x [g^ + dx^]) > {3/4)Y{S^) and Y{S^ x R\ [g^ + dx^]) > 
0.631^(5^). We also obtain explicit lower bounds in higher dimensions and for 
products of Euclidean space with a closed manifold of positive Ricci curvature. The 
techniques are a more general version of those used by the same authors in |15) 
and the results are a complement to the work developed by B. Ammann, M. Dahl 
and E. Humbert to obtain explicit gap theorems for the Yamabe invariants in low 
dimensions. 



1. Introduction 

Given a conformal class [g] of Riemannian metrics on a closed manifold M" the 
Yamabe constant of [g], Y{M, [g]), is defined as 



Y{M,[g])= inf 



J^^ Sh dvol{h) 



hm Voi{M,h)— 

where Sh and dvol{h) denote the scalar curvature and volume element of h respectively. 
If we denote by p = p„ = 2n/(n — 2) and let h = f^~^g we can rewrite the previous 



expression as 



Y{M,[g])= inf. 



where a„ = 4(n — l)/(?7, — 2). 

Then one defines the Yamabe invariant of M, Y{M), as the supremum of the 
Yamabe constants over the family of all conformal classes of metrics on M. 

By a local argument T. Aubin showed in [7] that the Yamabe constant of any confor- 
mal class of metrics on any n-dimensional manifold is bounded above by Y{S"', [(^q]); 
where by gQ we will denote from now on the round metric of sectional curvature one 
on 5"". It follows that Y{S^) = Y{S", [go]) and for any n-dimensional manifold M, 
Y{M) < YlS""). A closed manifold M has positive Yamabe invariant if and only 
if it admits a metric of positive scalar curvature. In this case Y{M) G {0,Y{S"')]. 



1991 Mathematics Subject Classification. 53C21. 

J. Petean is supported by grant 106923-F of CONACYT. 

J. Ruiz is supported by a postdoctoral grant from CONACYT. 



2 



J. PETE AN AND J. RUIZ 



Computing the invariant when < Y{M) < y(S'") is particularly difficult and inter- 
esting. There are very few cases when this has been accomplished [21 El 101 E] and 
only recently there has been some more general results obtaining estimates in this 
situation. 

In this article we will ffist concentrate in obtaining lower bounds for the Yamabe 
constants of S"^ x M.^ and 5^ x M^. We point out that for a non-compact manifold 
{W^,g) of positive scalar curvature we define its Yamabe constant by 



We will call Yg the Yamabe functional of {W,g). 

Computing or estimating the Yamabe constants of the Riemannian products of 
spheres and Euclidean spaces is very important in the study of the Yamabe invariant. 
One main reason for this is that they play a fundamental role in understanding 
the behavior of the invariant under surgery. For instance they appear explicitly in 
the surgery formula in [3]. To obtain our lower bounds we will use the techniques 
we developed in [T5j. The principal motivation to consider the particular cases of 
X and 5*^ x is the recent work by B. Ammann, M. Dahl and E. Humbert 
[H O [6] where the authors obtain an explicit gap theorem: using the estimates in this 
paper they show in [H] (among other things) that for any simply connected closed 
5-manifold M^, Y{M^) g (45.1, ^(5^)] (note that Y{S^) = 78.997...). 

Our estimates will be obtained using appropriate lower bounds on isoperimetric pro- 
files. Let us recall that for a Riemannian manifold (M, g) of volume V the isoperimet- 
ric function (or isoperimetric profile) of (M, g) is the function /(M,g) : (0, V) — )■ (0, oo) 
given by 

J(A/,3)(t) = mi{VolidU) : VoliU) = t}. 

The principal tool to obtain our lower bounds is the following theorem (a special 
case of which was used in our previous article 



Theorem 1.1. Let {M^^g) he a closed Riemannian manifold with scalar curvature 
Sg > k{k — 1). If I(M''xM.",g+dx'^) non- dccrcasing function and I[M^xw^,g+dx'^) ^ 

It is not necessary that /(AffexR",g+dx2) is non-decreasing. One only needs a reason- 
able lower bound for the isoperimetric function on large values of the volume (after 
-^(5"+*= Atgo+*) attains its maximum). For instance one could ask that /(M'=xR",g+dx2)(^) 
is bounded below by the maximum of AJ(-^„+fc ^^n+fe^ for t > [1 / 2)V ol{S^^^ , ^g^^^^) . 
But we are going to apply the theorem to non-compact manifolds of non-negative 
Ricci curvature (for which the isoperimetric proffie is non-decreasing by [8i Page 52]) 
and this seems a more natural condition. 

To apply the previous result we obtain the following estimates for the isoperimetric 
proffies of (52 X M?^ gl + dx'^) and {S'^ x gl + dx'^). 
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Theorem 1.2. I(s'2xR^,g^+dx2) > ~whs^, {e3/w)g^)- 

\/3 

Theorem 1.3. I(s3xR2^g3+dx2) > -2"As^ (5/2)g5). 

Then we obtain as a corollary that: 
Theorem 1.4. Y{S^ x [^g ^ ^^2j) > g gg yj^^s^ y{S^ x [^^ ^ ^^2^-^ > 
0.75 

The previous theorems also give lower bounds for the Yamabe invariants of certain 
products of manifolds. For any Riemannian manifold {M^,g) and any n-dimensional 
closed manifold of positive scalar curvature (iV", /t) it is proven in [H Theorem 1.1] 
that 

lim F(iV" X M^ [h + rg]) = F(iV" x M^ [h + dx^]). 

r— >oo 

Therefore we also obtain ClS db corollary that 

Theorem 1.5. If M is a closed 3- dimensional manifold then F(S'^xM) > 0.63 Y{S^) 
and if S is any closed 2-manifold then Y{S^ x S) > 0.75 Y{S^). 

In Section 5 we will also find explicit lower bounds for y(S'^ x M.'^,gl + dx"^) and 
Y{S^ X M^, (7q + dx'^). These are needed to obtain the explicit lower bounds for the 
Yamabe constants of compact spin manifolds in dimensions 9 and 10 in [6l Corollary 
5.4]. In this case we will simplify a little the calculations, at the expense of not getting 
the best possible lower bounds. We do so in order to avoid an excessive number of 
calculations. We obtain: 

Theorem 1.6. Y{S'^ x R\ [gl + dx^]) > 0.747 Y{S^) and Y{S^ x [g^ + dx^]) > 
0.626 

One could use the previous estimates to obtain results in more general situations. 
For instance for a Riemannian manifold {M^, g) of positive Ricci curvature the Levy- 
Gromov isoperimetric inequality compares the isoperimetric profile of (M, g) with that 
of the round fc-sphere: if Ricci{g) > {k — l)g and V = Vol{M,g) then I(M,g){t) > 
{V/Vk)I(s'=,g^)i(yk/V)t), where Vk is the volume of the round /c-sphere. 

Then applying the Ros product Theorem (see [TBI Theorem 22] or [T21 Section 3]) 
we have (using the same simple arguments we will use in Corollary 3.2 in this article) 
that 



I{MxR^,g+dx'^)i't) > iV/Vk)I(^s''xR",g^+dx2)iiVk/V)t). 



If -^(5fcxR"4+dx2) > ^^{s'=+",t,g^+") then we have 



^ {M xR" ,g+dx^) 

(V^/V^.)A(\//\4.)^'"^'^"^^/^'+"^V+",M(v/v.)2/("+^).5+")(^) 

= X{V/VkY^^''~^'^^If^gk + u^^(^Y/y^y/(n + k)gk + n-^{t) 
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We deduce from Theorem 1.1 that: 

Theorem 1.7. Let {M^,g) he a dosed Riemannian manifold with Ricci curvature 
Ricci{g) > {k — l)g and volume V. Assume that I(^s''xR".g^+dx^) — '^^{s''+" ^lg^+")■ 
Then Y{M^ x M", [g + dx']) > min{ ^^^^^^J^iJJ^^^ (A(\//V,)i/('=+"))2} 

Example: Consider (HP^,(yf) where g is the usual Einstein metric normalized to 
have scalar curvature 56. Then its volume is (see the computations in [S^, Appendix 
C]) V = V8X (2773) ^VsX 0.746. We will prove in Section 5 (Corollary 5.2) that 

-^(58xK2,5g+dx2) > 0.92 X 0.86 /(sio^(22/8)(22/9)(<;i0)) = 0.7912 /(S'io,(i.387){<?W))- 

Then the previous theorem says that 

YiUP^xR',[g + dx'']) > (277=^)1/^ min I 0.7912^1 F(SiO) >0.59F(^i°). 

Acknowledgments. The authors would like to thank Bernd Ammann, Mathias 
Dahl and Emmanuel Humbert for motivating discussions which guided the writing of 
this article. The second author would like to thank professor Luis Florit and IMPA 
for their hospitality. 



2. The isoperimetric profile of cylinders 

The isoperimetric profile of the cylinders (5" x M, (^q + rfx^), n > 2, are known. 
They have been studied by R. Pedrosa in [H]. Pedroza shows that isoperimetric 
regions are either a cylindrical section or congruent to a ball type region and gives 
explicit formulae for the volumes and areas of the (ball type) isoperimetric regions 
and their boundaries. The ball type regions are balls whose boundary is a smooth 
sphere of constant mean curvature h. The sections of Q^, namely f2^n (S'" x {a}), are 
geodesic balls in S"' centered at some fixed point. If we let 77 G (0, vr) be the maximum 
of the radius of those balls then h = hn-iijf) = pi^s'in{s)Y-^ds - These ball type regions 
are the isoperimetric regions for small values of the volume. The formulas for the 
volumes of VLh and its boundary obtained by Pedroza are 

(1) A{r^) = Voimi) = 2K-1 /' (^^^(^))""' dy, 

Jo ^/i-Un-i{v,yr 

r f^(Sin(s)Y-^ds Un-i(v,y) 



a/1 - Un-i{v,yy 

where 

(^m(r7))"-V f^{Sin{s))''-^ds 



Un-i{v,y) 



yamabe constants 5 

3. Estimating the isoperimetric profile of x 

In this section we will prove Theorem 1.3. We will first deal with small values of the 
volume. Note that for any (closed or homogeneous) Riemannian n-manifold (M", g) 
one has 

i^J^J-i: n-1 Jny 

where 7^ is the classical n-dimensional isoperimetric constant: 

Vol{S--\g^-') 
^" Vol{B^{0,l),dx^y-^' 
In particular 74 = 2^/^0F and 75 = (87173)1/^5^/^. 

Lemma 3.1. I(s3xR,gl+dx2) > 0.99 /(54^22/3g4). 

Proof. We first check the inequality for v < 0.03. Using formulas ([T]) and ([2]), 

(0.03)3/4 



direct computation shows that ""'n o^'^/i ~ 5.904 > 5.902 ^ (0.99)74 

0.991im.^o ' V )• 
On the other hand, we know by a theorem of V. Bayle [8| page 52] that both 

(ix^) have non-negative Ricci curvature). Then it follows that for < f < 0.03 

/(53xM,,3+.,.)(t;) > ^^'''7a0?)^/^°"°^^ '''^' ^ (0.99)74^^/^ > (0.99)J(,4,2./3,4)(t;). 

The inequality for v > 0.03, can be verified using standard numerical computations, 
based on formulas ([T]) and We provide the graphics (fig. [T]). Note that for 
V > fo ~ 20.8576 a cylindrical section 5*^ x [a, b] of volume v is isoperimetric in 
(5*3 X M, (/q + (ia;^) and its boundary has volume Att"^ > 0.99 An"^ which is the maximum 
of 0.99 /(54 22/3g4). So one only needs to check the inequality for v < vq. 

□ 

Corollary 3.2. I(s^xM.'2,gf,+dx'2) > 0.99 I(^s^xR,2^/^g^+dx^) = 0-99 /(s4xM,22/3(g4+dx2))- 

Proof. Ros product Theorem (see [HI Theorem 22] or |T2], Section 3] says that if one 
has a model measure space (as the Euclidean spaces or the spheres of any radius) 
(Mo,/io) and any other measure spaces (Mi,/ii), [12) such that I2 > Iq then 
IfMi(8fi2 — -^Mi8)Mo- (^Oj/^o) is a model measure with isoperimetric profile Jq then 
A/q is also the isoperimetric profile of a model measure (obtained by changing the 
distance on Mq) for any positive A. The corollary then clearly follows from Ros 
product Theorem and the previous lemma. 

□ 

In the next section we will use the following 
Corollary 3.3. /(53xR2,2(g3+dx2)) > 0.99 /(s'4xR,25/3(g4_,_^^2)). 
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15 20 25 30 35 ' 
(a) t) > 2 



1.0 1.5 

(b) 0.3 < w < 2. 




(c) 0.1 < w < 0.3. 



(d) 0.03 <v< 0.1. 



Figure 1. I(s3xR,gi+dt^){v) > I(s\2V3gi)iv), for v > 0.03. 



Lemma 3.4. For v < 80, /(54xR,22/3g4+dt2)(?;) > J|(0.99) ^/(s^{5/2) 



5^ f 



93) 



Proof. We begin by proving the inequality for v < A. By direct computation, using 
formulas jll and j2l, we get ^(g"x«-^^y|+''*^)^^^ ~ g_2585 > 6.0971 ^ ^(0.99)^^75 = 



2 (0.99) ^ lim^^o — ^ 
if B{ 

■^(S4xK,22/3(94+dt2))(«) 



1—1 -^(S^ ^gSj^"") 

By the result of Bayle mentioned above \E', page 52], the functions — — and 



^4/5 



are decreasing. Hence 



> ^(0.99)-i/(^. s^g)(t;). 



2 ' ' -i^".f9oJ^-^' 

for < f < 4. 

We now check the inequality for 4 < f < 80, using standard numerical computa- 
tions, based on formulas ([T]) and (|2|. We provide the graphics (fig. [2]). 

□ 
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Figure 2. I^sw^^9t+dt-)i^^ ^ f (0.99)-^/(55,|,5)(t;), for 4 < < 80. 
Lemma 3.5. For v > 16, /( 53 xr2 ,93+^^.2) (w) > ^^^v^- 

Proof. Let /i and /2 be the isoperimetric profiles for (S^jQq) and (]R^,(ix^) respec- 
tively. Isoperimetric regions in (S'^,(y'o) are geodesic balls and then /i(t'i(t)) = 
47rsin^(t), where Vi{t) = 27r(t - cos(t) sin(t)) {t G [0, vr] and hence Vi G [0,27?^]). 
Isoperimetric regions in {M.'^,dx^) are also geodesic balls, and so we have f2{t) = 

Now consider the isoperimetric function for product regions in (5*^ x ]R^,(7o + dx'^); 
Ip{v) = inf{/i(t>i)t>2 + f2{v2)vi : V1V2 = v}, which can be rewritten as 



Ip(v) 



mf( 2sm {t)v ^ ^^^J^ixit - cos(t) sin(t)) : te(0,7r)^ 

\t — cos(t) sm(t) / 



By a result of F. Morgan [I3| Theorem 2.1] we have that l{s'iY.9?- ^g,^j^dx^){v) > 
Hence, verifying that lp{y) > (27r)^/^i/y, for v > 16, will yield the Lemma. For that 
purpose, consider 

^'W = ir^Sf^) ^ -V2(«-cos(0smW)) . 
and let v > 16. Then 

But it is easy to check that + n v/2(t-cos(t) sin(t)) > for t G 

(0,7r) (the minimum is achieved at vr). Then Ip{v) > {2ny^^'^y/v, and the lemma 
follows. 

□ 

Lemma 3.6. /(53xR2,g3+^^.2)(w) > -^1/(55,1 gf^)iv), for v > 80. 
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Proof. Using again the theorem of Bayle [5", page 52], we know that I(s^xR2,g^+dx2) 
is concave. Of course, this imphes that any hne connecting two values of known 
lower bounds for I^s'-^xR^^gS+dx^) is also a lower bound for the isoperimetric func- 
tion. In particular, the line l{v) = 131.312 + 0.280204(u - 75.517), which joins 
the point (75.517,131.312) in the graphic of 0.99 I(s'>'xR,22/''ig^+dt^){'^) the point 

(450,6 307r'^/^-\/2) in the graphic of ^/u, is a lower bound for I(s3xR'2,{g'^+dx^)) 

(fig. |3]). Finally, standard numerical computations show that this line is also an 

3), and hence I(s3xR2,i9s+dx^)) ^ 



upper bound for -^/^/(ss | ^S), for w > 80 (fig. 



lAs5,f 5a)M,fort;>80. 



□ 




Figure 3. /f.<?3vR2/„, , ^^,2^ > a/|Lc5 s „5^^f), for v > 80. 



Corollary 3.2, Corollary 3.4 and Lemma 3.6 complete the proof of Theoreml.3. 

4. Estimating the isoperimetric profile of 5^ x 

In this section we will prove Theorem 1.2. The isoperimetric function of {S^^g^ 
is given by J(55,g5)(27r2((l/3) cos3(r) - cos(r) + (2/3))) = (8/3)71^ sin^(r). And so 

^/(,5,6.3 ,3)((6.3V/2(27r2((l/3)cos3(r) -cos(r) + (2/3))) = ^^(6.3)2(8/3)vr2 sin^(r). 

The first observation is that the maximum of ^^^(55 (gs/io) gg) is ^^(63/10)^Vo/(S''^) = 

^(63/10)2(8/3)7r2 ^ 829.12 and is achieved at i; = {\l2){^'il\^fl'^V ol{S^) = 

(1/2) (63/10)5/2^=^ ^ 1544.44. After this value of v the function ^/(s5,(63/io) gg) 
is decreasing while I{s^xR^i,g^+dx^) is always non-decreasing. It follows that to prove 
Theorem 1.2 we only need to consider the case v < 1544.44. 

Lemma 4.1. I{s2xR'i,g^+dx'2) > 0.99 I(s^xR,25/3{g^+dx'2))- 



Proof. We know from 
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section 2.1, that /, 



(52xR,32+dx2) > -^(S'3,2(;3)- 



This im- 



phes using Ros product theorem [161 112] that /, 
-^(53xiR,2(sg+da;2))- Then by using again the Ros product theorem one gets 

-^(S2xR3,gg+da;2) > -^(5^ xIR2^2(gg+da;2)) • 



But by Corollary 2.4 I^s^ixR^^gf^+dx'^)) 
follows. 



> 0.99 /(s4xR,25/3(g4+rf^2)), and the lemma 

□ 



We now prove the following. 

Lemma 4.2. I(s*y,R,2^/3(gf^+dx2)){v) > ^I(sM63/w) gf,){'v), for v < 427. And so The- 
orem 1.2 is true for v < 427. 



Proof^We begin by proving the inequality for v < 100. Direct computation us- 
d § shows that '^"'^"^'fj,tr'''^'°°^ ^ 5.6106 > 5.5881 - '-^^ 



9.9 



■75 



limt^^o 



9.9 



. Since f c/^) and (^^ x M, 2^/3(^4 ^ ^^2^ j^^^^g non-negative 



Ricci curvature it follows from [8J that both 
decreasing. Therefore 



„4/5 



are 



'(54xM,25/3(g4+(it2)) 



^(54xIR,25/3(g4^_^i2))(100)^^^^ ^ 3^ 



75f 



4/5 



> 



3V7 



(100)4/5 ^ ' 9.9 '"^ - 9.9 

for < < 100. 

Next, we check the inequality for 100 < v < 427, using standard numerical com- 
putations, based on formulas ([T]) and (j2]). We provide the graphics (fig. |4]). 



150 im 250 300 35U 400 450 



Figure 4. /(54xR,25/3(g4+^42))(t;) > |/(55,M35)(t;), for 100 < < 427. 

□ 

Lemma 4.3. For v > 27, Iis^^R^g^,+dx^)iv) > 2^/%37t)^/^v'/\ 

Proof. Let hi and /i2 be the isoperimetric profiles for (S'^jQq) and {M.^,dx'^) respec- 
tively. Isoperimetric regions in {S'^,gl) are geodesic balls and then hi{vi(t)) = 
27rsin(t), where fi(t) = 27r(l — cos(t)), (t G [0, tt] and hence Vi G [0,47r]). Similarly 
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h2{t) = 6^/^7r^/^t^/^. Now consider the isoperimetric function for product regions in 
{S^ X ]R'^,(7o + dx"^), Ip{v) = inf {/ii(t>i)t>2 + h2{v2)vi : V1V2 = v}, which can be 
rewritten as 



Ip{v) = inf I Jii^ + 2(37r)2/3 ( (1 - cos(t)) : t G (0, tt) 



1 — cos(t) \1 — cos(t) 

It follows from [131 Theorem 2.1] that I(s^xm^,g^+dx^)i''^) ^ ^^j^^ since both Ig2 and 
Jk3 are concave. Hence, it remains to show that Ip{v) > 2^/3(37r)2/3'y2/3^ ^ > 27^ 
to prove the lemma. For that purpose, consider 

= ^;2/3 ( ^^^(^) + 2(37r)2/3(l _ cos(t))i/3 



cos(t) 



and let v > 27. Then 



F.{t) > v'/-' ( + 2(371)2/3(1 - cos(t))i/3 

^ — cos()f:) 



But, as it is easy to check, 
3 sin(t) 



+ 2(37r)2/3(l - cosit))'/' > 2(2i/3)(3^)2/3^ 



1 — cos(t) 

for t e [0,7r] (the minimum of the expresion on the left is achieved precisely at vr). 
Hence Ip{v) > 2(2^/^)(37r)2/^f ^Z^, and the lemma follows. 

□ 

Lemma 4.4. Theorem 1.2 is true for v > 427. 

Proof. Since I(s2xK^i,g^+dx^) is concave any line connecting two values of known lower 
bounds for I(s^xR3,g^+dx2) is also a lower bound for the function (between the two 
points). In particular, the line 

f{v) - 525 45 ' (2^^^(45007r)2/3 - 525.245) (i; - 427.18) 



1073 

which joins the point (427.18,525.245) (in the graphic of 0.99/(54xiR,25/3(g4+dx2))) 
(1500,25/^(45007r)2/3) (which belongs to the graphic of 2^/^{37rf/^v^^^), is a lower 
bound of I{s'2xR3,{g^+dx2)) for v G [427,1500]. Finally, standard numerical computa- 
tions show that this hne is also an upper bound for ^^1(3-', {63/ 10) g^) i^ the same 
interval (fig. [5]). And this implies in particular that for v > 1500 I[s'2xR^,g'^+dx^)i'^) is 



greater than the maximum of ^^/.^s res/io) «^), proving the lemma 



10-^(55,(63/10) sg), 

□ 



Theorem 1.2 follows from Lemma 4.2 and Lemma 4.4. 
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500 1000 1500 



Figure 5. The line f{v) is an upper bound for ^^J^^s 63^5)(f ), for v > 400. 

5. Estimating the isoperimetric profiles of S'' x and x 

We first note as in section 3 that for any (closed or homogeneous) Riemannian 
n-manifold {M^,g) one has 



lim 

V-5-0 



l{M,g)( 



7n, 



V " 



where 7„ is the classical n-dimensional isoperimetric constant: 

VoliS"-' 



In 



:'n— 1 1^ 
5 i/O ) 



ro/(5"(0,l),c/x2)- 

In this section we will need the values 

78 = (873)1/^7^ ^ 9.5310, 

79 = (327r497l05)i/9 ^ 10.2762 

and 7io = (107l2)i/i°v^ ^ 10.9814. 



Lemma 5.1. /(57xM,g7+^^2) > 0.94 /(58^22/7g8), I(s»x^,gl+dx'^) > 0.92 /(59,2i/4g9) and 

-^(59xM,g9+da:2) > 0.86 /(S'io,22/9gi0) . 

Proof. We first use formulas ([T]) and (|2|, and direct computation, to find some > 



(for n = 7,8,9) such that (^^)°/(n+i) > (Pn)7n+i 



\Pn) „n/(n + l) 



(where |5^ = 0.94, [3^ = 0.92 and /Jg = 0.86). The values of these a„ are included in 
the following table. 



n 


an 


-'{S"xR,9jf+d2:2)("n) 




/3„ 


(«„)"/(" + !) 


7 


0.0052 


9.04 


8.96 


0.94 


8 


0.0068 


9.51 


9.45 


0.92 


9 


0.0018 


9.49 


9.44 


0.86 



Next, we use these values of a„ to prove the inequalities of the lemma for small values 
of v. we know by a theorem of V. Bayle [SI page 52] that both ^n/n+i 



^(s....2/„_^ and 
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decreasing (since both {S''+\2^/"g^+^) and (5" x M, c/^ + rfx^) have 
non-negative Ricci curvature). Then it follows that for < f < a„, 

, . A5"xR,3gW)(««) ^,„/„.+i 
A5"xM,<;o"+dx2)l^^j > (c,J)n/n+l ^ 

The inequality for v > an, can be verified using standard numerical computations, 
based on formulas ([T) and However, since I{S"xR,gi}+dx^) is concave (this follows 
also from [HI page 52 , as (5*" x M, + dx^) has non-negative Ricci curvature) then 
it suffices to show that Pnlf^s^+i is bounded from above by the straight lines 

joining together points of I^s-^xR^g^^+dx"^)- We provide the graphics for each case (figures 
|6| [Tjandjs]). Note also that for each n, there is some fo,n, such that for v > fo,n a 
cylindrical section S"' x [an, bn] of volume v is isoperimetric in {S"' x'R,gQ+ dx^) and 
its boundary has volume 2wn > Pn 2wn which is the maximum of (3n I(^s^+i 2^/"gj^+'^)- 
So one only needs to check the inequality for t> < t>o„. 



V^ Vj V7 




(a) V > 1.9 (b) 0.078 <v< 1.9. (c) 0.005 <v< 0.078. 



Figure 6. I^srxR,gl+dt^)iv) > 0.94 I^s^2y^gl)iv), ioi v > 0.005. 
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(a) V > 0.028. 



0.05 0.10 0.15 0.20 



(b) 0.0018 < -y < 0.028. 



Figure 8. /(59xR,<;«+dt2)(t;) > 0.86 I(s^o^2y^gio){v), for v > 0.0018. 

Corollary 5.2. Forn = 7 andn = 8, /(5"xK2,gj+dx2) > /3n/5n+i -^(5"+2,(22/n)(22/(n+i))(gj'+2))- 

Proof. The previous lemma tells us that for n = 7 and n = 8 I(S"xR,gi^+dx^) > 
f3n -^(gn+i 22/"3j'+i)- Then the same argument as in the proof of Corollary 3.2 implies 

that /(S"xR2,gJ^+da;2) > Pn -^(5"+l x]R,22/"gJ+l+da;2) = -^{S^+l xM,22/"{<;^ + l+dx2)) ■ FrOm the 

previous lemma it follows that I(^s"+^xR,2'^/"{g^+^+dx^)) — (^n+i -^{5"+2.(22/")(22/(n+i))(g^+2)) 
and the corollary follows. □ 

Using the previous corollary and Theorem 1.1 we have 



Y{S'^xR'^,gl+dx^) > min 
And 



42 X 92/7+1/4 

, i^rPsf \ YiS') = min{0.845, 0.747} ¥{3'^ 



r ^fi X 92/9+1/4 

Y{S^xR\g^^+dx^) > min <^ ,{/3s(3gf \Y{S^'') = mm{0. 863,0. 626}Y{S^''' 



90 



6. Proof of Theorem 1.1 

Proof. This is a general version of what appears in (151 Theorem 1.2]. The proof is 
essentially the same, we give the details for completeness. 

Let / : M'' X M" — )■ M>o be any smooth compactly supported function. 



First assume that Vol{{f > 0}) < 1/o/(5"+^ 



Let/, :(5"+^/i^7o""*'')^ 



00 



be the spherical symmetrization of /: /=„ is a radial (it depends only on the distance 
to some fixed point in S"'~^^), non-increasing function on the sphere such that for any 
t > 0, Vol{{f > t}) = Vol{{f^: > t}) (here the volume is measured with respect to 
the volume element of /ifi'o^'^) . We want to compare the values of the (corresponding) 
Yamabe functional in / and /=„. It is immediate that for any g > 0, ||/||g = ||/*||q 
and we need to compare the L^-norm of the gradients. 
By the coarea formula 
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j WVffdvolig + dx') = ^ ^^^^ II V/||cia,^ dt, 

where dat denotes the volume element of the induced metric on f~^(t). And by 
Holder's inequality 

r (I \\vf\\da^dt> r{voi{r\t))f{l iiv/irw,) \t. 

Jo \Jf-Ht) / Jo \Jf-Ht} J 

But, applying the coarea formula again, 

/ ||V/||-^da, = -^{{j > t}) = -^iVol{{U > t})) = [ WVUr'da,. 

Since f~^{t) contains the boundary of {/ > t} and Vol{{f > t}) = Fo/({/* > 
t}) (which is an isoperimetric region in the sphere), it follows that Vol{f~^{t)) > 
Vol{d{{f > t}) > \Vol{f-\t)). Then using that ||V/*|| is constant along level 
surfaces of and the coarea formula 

J ||V/||2d^oi(^ + dx^)>A2^"(V-oK/-^(i)))'^_^^J|V/.|r'cia^ 'dt 

poo poo f p \ 

= AM Vol{j:\mVj.\\dt^\^ \ i \\VM\dat]dt 
Jo Jo \Jf::r\t) J 

= A^/ V^J.fdvol{ixgt^^). 

Finally we have 

/mxR" ll'^/f dvol{g + dx^) + Sg f dvol{g + dx^) 



> 



Qfe+nAVg.+„ ||V/.||^ dvoli^ig',+-) + J^,^^ kjk - l)f^ dvol{iig^+-) 

V {k + n){k + n-l) J 
ak+n Js.+n II V/.ll' dvol{fig',+n + + n){k + n- l)(l//x) dvol{iig^+^) 

^^i^(x\—J^^^^^^ Y 

V ' (A; + n)(A; + n- 1)7 ^^^o ' 
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Now assume that Vol{{f > 0}) > yo/(,5"+^ Then let to = max(/) and 
pick to > ti > t2 > ... > tN = such that for i = 1,...,N — 1 we have that 
Vol{f-\t„t,^i)) = VoliS^+K^igt") 8^ndVol{f-\0,tN-i)) < V ol{S^^^+K ^g'^'') . We 
let fi be the restriction of / to and fi^ : {S'^^'' , jjig^'^'^) be its 

radial symmetrization (as above). Since I[M'^xw^,g+dx'^) is non-decreasing we can use 
essentially the same argument as before to obtain 

/ II V/||^«(^ + dx-") = / II V/,|p«(^ + dx^) 

Jf-HU,ti-i) Jf-Hti,ti-i) 

>A^ / \\Vfa'dvol{i,g^+'') 

J f-'-itiM-i) 

Finally, 

. Qfc+n JmxM" II'^/II^ + ^^^) + xR" '^g + ^^^) 



> 



(Sill /5.+„ d^oZ(/x^o'+"))'/^^+ 
> mm A'', - — X 



Sjli (afe+„ II V/,,||^ dvolji^g',-^^) + /g,^„(fc + n)(fc + n - 1)(1///) d^;oZ(//^g+")) 

(Eil, /^,+„ d^;oZ(/.^o'^'^))'/^^+" 

^ . / 2 ^ SiI,y(5'=+-)(/^,+„/,^'=+"«(//^o'^"))Vp.+n 

> mm I A , ' 



ik + n)ik + n-l)J (Eili J^,^„ dvol(i,g',+^))yp^+r. 
(since r(5^+") is the Yamabe constant of (-S'=+'*, 

> min ( A^ „ \ ^(^.+n) 

V (/c + n)(fc + n- 1)7 ^ ^ 

(since +y2/pfc+n > (^a; _|_ |^j2/pfc+„^ x,y > 0). And this concludes the proof of the 

theorem. 

□ 
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